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Abstract. We prove several results related to local proofs, intetjpmiaand su-
perposition calculus and discuss their use in predicatgadi®n and invariant
generation. Our proofs and results suggest that symholeting inferences
may be an interesting alternative to interpolation.

1 Introduction

The study of interpolation in connection to verification bagn pioneered by McMillan
in connection with model checking [16], and by McMillan [1&fjd Henzinger et.al. [7]
in connection with predicate abstraction. A number of pajgpeared later discussing
generation of interpolants for various theories and thedrin verification, for example
invariant generation [25, 8, 10, 23,22, 18, 2].

In this paper we discuss interpolation and its use in vetificaWe start with pre-
liminaries in Section 2. In Section 3 we define so-called llativations and prove
a general form of a result announced in [8], namely that pakmts can be extracted
from proofs of special form (so-called local proofs)drbitrary theories and inference
systemsound for these theories. We also show that interpolanta@®d from such
proofs are boolean combinations of conclusions of so-@alenbol-eliminatingnfer-
ences. By observing that a similar form of symbol eliminatiorned out to be useful
for generating complex quantified invariants in [13] and theerpolants obtained from
proofs seem to be better for predicate abstraction andiantageneration than those
obtained by quantifier elimination, we conclude that synddwhination can be a key
concept for applications in verification.

Further, in Section 4 we consider interpolation for infereisystems dealing with
universal formulas. We point out that a result announced&j is incorrect by giving
a counterexample. We also further study the superpositif@nénce system and show
that, when we use a certain family of orderings, all grourabfs are local. This gives
us a way of extracting interpolants from ground superpasigroofs. We extend this
result to the LASCA calculus of [12], which gives us a new mabare for generating
interpolants for the quantifier-free theory of uninterpoefunctions and linear ratio-
nal arithmetic. Finally, in Section 5 we investigate the os@terpolants in invariant
generation.

* This research was partly done in the frame of the Transratidocess Programme at RISC,
Johannes Kepler University Linz, supported by the Euroggammission Framework 6 Pro-
gramme for Integrated Infrastructures Initiatives undeg project SCIEnce (contract No
026133). The first author was supported by the Swiss NSF.
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2 Preliminaries

We will deal with the standard first-order predicate logichmequality. The equality
symbol will be denoted by-; instead of writing—(s ~ ¢) we will simply write s %
t. We allow all standard boolean connectives and quantifretbe language and, in
addition, assume that it contains the logical constant®r always true andL for
always false formulas.

We will denote formulas b, B, C, D, terms byr, s, t, variables byz, y, z, con-
stants by, b, ¢ and function symbols by, g, possibly with indices. Le# be a formula
with free variables, thenV A (respectivelydA) denotes the formulévz) A (respec-
tively, (3z)A). A formula is calledclosed or asentenceif it has no free variables.
We call asymbola predicate symbol, a function symbol or a constant. Thusahies
are not symbols. We consider equalitypart of the language, that is, equality is not
a symbol. A formula or a term is callegtoundif it has no occurrences of variables.
A formula is calleduniversalif it has the form(Vz) A, whereA is quantifier-free. We
write C1,...,C, F C to denote that the formul@; A ... A C; — C'is a tautology.
Note thatC, ..., C,,, C' may contain free variables.

A signatureis any finite set of symbols. Theignature of a formul& is the set of
all symbols occurring in this formula. For example, the sigme off (z) ~ ais{f,a}.
Thelanguage of a formula, denoted by 4, is the set of all formulas built from the
symbols occurring ird, that is formulas whose signatures are subsets of the signat
of A.

THEOREM1 (CRAIG’S INTERPOLATION THEOREM[3]). Let A, B be closed formu-
las and letA + B. Then there exists a closed formulee £4 N L such thatd - T
and/ - B.

In other words, every symbol occurringiralso occurs in bot andB. Every formula
1 satisfying this theorem will be called amterpolantof A andB.

Let us emphasise that Craig’s Interpolation Theorem 1 make®striction on the
signatures ofA and B. There is a stronger version of the interpolation properoyed
in [15] (see also [19]) and formulated below.

THEOREM2 (LYNDON’SINTERPOLATION THEOREM). Let A, B be closed formulas
and letA - B. Then there exists a closed formulae £4 N Lz such thatd + I and
1+ B. Moreover, every predicate symbol occurring positivegsrectively, negatively)
in I, occurs positively (respectively, negatively), in botrand B.

By inspecting proofs of the two mentioned interpolatiorditeens one can also conclude
that in the case wheA and B are ground, they also have a ground interpolant; we will
use this property later.

We call atheoryany set of closed formulas.Tf is a theory, we writ€, . .., C,, b7
C to denote that the formul@; A ... A C; — C holds in all models off". In fact,
our notion of theory corresponds to the notiore@fomatisable theorin logic. When
we work with a theoryl", we call symbols occurring ifi’ interpretedwhile all other
symbolsuninterpreted

Note that Craig’s interpolation also holds for theoriesha following sense.



THEOREM 3. Let A, B be formulas and lel -7 B. Then there exists a formula
such that

1. Abp Tandl + B;
2. every uninterpreted symbol éfoccurs both inA and B;
3. every interpreted symbol dfoccurs inB.

Likewise, there exists a formulasuch that

1. A+ Tandl 7 B;
2. every uninterpreted symbol éfoccurs both inA and B;
3. every interpreted symbol dfoccurs inA.

Proof. We start with proving the first part. Bf -1 B and compactness there exists a
finite number of formulag” C T such thatd, 7’ - B. Denote byC the conjunction
of formulas in7”, then we haved A C' + B. By Craig’s interpolation theorem 1 there
exists a formuld whose symbols occur both ih A C'and B such thatd A C' + I and
I+ B. Letus prove thal satisfies all conditions of the theorem. Note that C' - I
implies A br I, so the first condition is satisfied. Now take any unintegutetymbol
of I. Note that it cannot occur i@, since all symbols irt” are interpreted, so it occurs
in A, and so in bot andB. The condition on interpreted symbols is obvious since all
symbols occurring i also occur inB.

The second part is proved similarly, in this case take Csdigerpolant ofA and
C — B. [l

The proof of Theorem 3 is similar to a proofin [10]. It is ingsting that this formulation
of interpolation is not symmetric with respectdoand B since it does not staté -,
and/ k7 B: only one of the implicationgl — I andl — B should be a theorem @f
while the other one is a tautology in first-order logic. Thihgory reasoning is required
only to show one of these implications.

In the sequel we will be interested in the interpolation @y with respect to a
given theoryr". For this reason, we will user instead of- and relativise all definitions
toT'. To be precise, we call @nterpolantof A andB any formulal with the properties
Abr ITandl b1 B.

If Eis a set of expressions, for example, formulas, and corsstant. ., ¢,, do not
occurinE, thenwe say thaty, . . ., ¢, arefreshfor £. We will less formally simply say
fresh constantevhen E is the set of all expressions considered in the current gante

There is a series of papers on using interpolants in modekamg and verification
starting with [16]. Unfortunately, in some of these papéesiiotion of interpolant has
been changed. Although the change seems to be minor, itaffredon’s interpolation
property and also does not let one use interpolation for fbemwith free variables.
Namely [17,18] call an interpolant ol and B any formulal such thatd + I and
B A I is unsatisfiable. To avoid any confusion between the twoonetof interpolant
we introduce the following notion. We calraverse interpolandf A and B any formula
I suchthatd - I andl, B ¢ L. Itis not hard to argue that reverse interpolants for
A and B are exactly interpolants oft and—B and that, whenB is closed, reverse
interpolants are exactly interpolants in the sense of [&](, 1
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3 Inference systemsand local derivation

In this section we will recall some terminology related téeience systems. It is com-
monly used in the theory of resolution and superpositior2(];, we do not restrict
ourselves to the superposition calculus.

DEFINITION 4. Aninference rulds ann-ary relation on formulas, where > 0. The
elements of such arelation are callaterencesand usually written as

Ay .o An
A

The formulasdy, . .., A, are called thgremisesand the formulad the conclusion of
this inference. Arninference systetis a set of inference rules. Aaxiomof an inference
system is any conclusion of an inference witpremises.

Any inferences with) premises and a conclusichwill be written without the bar,
simply asA.

A derivationin an inference system is a tree built from inferences initifisrence
system. If the root of this derivation i§, then we say it is derivation ofA. A derivation
of A is called aproof of A if it is finite and all leaves in the derivation are axioms. A
formula A is calledprovablein I if it has a proof. We say that a derivation df is
from assumptions!y, ..., A,, if the derivation is finite and every leaf in it is either
an axiom or one of the formulad,,..., A,,. A formula A is said to bederivable
from assumptionsdy, .. ., A, if there exists a derivation ofl from A,..., A,,. A
refutationis a derivation ofL. O

Note that a proof is a derivation from the empty set of assionpt Any derivation
from a set of assumptionS can be considered as a derivation from any larger set of
assumptions’ D S.

Let us now fix two sentenced and B. In the sequel we assumé and B to be
fixed and give all definitions relative td and B. Denote byL the intersection of the
languages ofd and B, that is,£ 4 N L. We call signature symbols occurring both in
A andB cleanand all other signature symbalgty. For a formulaC, we say that' is
cleanif C' € L, otherwise we say that is dirty. In other words, clean formulas contain
only clean symbols and every dirty formula contains at leastdirty symbol.

DEFINITION 5 (AB-DERIVATION). Let us call anAB-derivationany derivation/]
satisfying the following conditions.

(AB1) For every leatC of 11 one of following conditions holds:
1. Abr VC andC € L4 or
2. By VC andC € Lg.

(AB2) For every inference

¢y ... C,
C

of IT we havev(Cy, ... ,VC, b1 VC.



We will refer to property (AB2) asoundness O

We will be interested in finding reverse interpolantsdodnd B. The caseC 4 C Lp is
obvious, since in this caséis a reverse interpolant of andB. Likewise, if Lz C L 4,
then—B is a reverse interpolant of and B. For this reason, in the sequel we assume
thatL, € L andLp € L4, thatis,both A and B contain dirty symbols

We are especially interested in a special kind of derivatidroduced in [8] and
calledlocal (or sometimes calledplit-proofg. The definition of a local derivation is
relative to formulasd and B.

DEFINITION 6 (LOCAL AB-DERIVATION). An inference

¢ ... Cy
c

in an A B-derivation is calledocal if the following two conditions hold.

(L1) Either{C4,...,Cy,C} C Lgor{C4,...,C,,C} C Lp.
(L2) If all of the formulasCy, ..., C, are clean, thed' is clean, too.

A derivation is calledocal if so is every inference of this derivation. O

In other words, (L1) says that either all premises and thelosion are in the language
of A or all of them are in the language &f. Condition (L2) is natural (inferences
should not introduce irrelevant symbols) but it is abserdther work. This condition
is essential for us since without it the proof of our key Lemtfadoes not go through.

Papers [8, 18] claim that from a localB-refutation one can extract a reverse inter-
polant for A and B. Moreover, the proofs of these papers imply that the intirads
universal when botil and B are universal and ground when bottand B are ground.
However, the proofs of these properties use unsound argsgntérst, the proof for the
ground case from [8] uses an argument that for a sound inferen

ci ... C,
C

the set of formulag’y, . .., C,, —C is propositionally unsatisfiable and then refers to
a result on interpolation for propositional derivationsrfr [16]. Unfortunately, this
argument cannot be used: for example, the ground formula « is unsatisfiable in
the theory of equality but not propositionally unsatisfaldbecond, the proof for the
universal case in [18] refers to the ground case, but oneatarse this reduction since
substituting terms for variables in non-ground local daiotns may give a non-local
derivation. Let us give an example showing that the resultlie universal case is
incorrect.

EXAMPLE 7. Let A be the formula: % b and B the formulavz(z ~ ¢). Thena, b, ¢
are dirty symbols and there is no clean symbol. The following local refutation in
the superposition calculus:



One possible reverse interpolantéfand B is 3z3y(x # y), however, this reverse in-
terpolantis not universal. Let us show that there exist rieausal reverse interpolant of
A andB. Suppose, by contradiction, that such a reverse interpelasts. Then it has
the formVz, ... Va,I(21,...,2z,), wherel(xq,...,x,) is a quantifier-free formula,
x1,...,x, are the only variables df(x1, ..., x,), andI(z1, ..., z,) does not contain
a,b. Take fresh constants, ..., ¢,, then we have. %2 b + I(¢y,...,¢,). By Craig’s
interpolation applied to ground formulas there exists aigtbreverse interpolant of

a #bandl(c,...,c,). By the conditions on the signature.6f J can contain no sym-
bols. Therefore/ is either equivalent td_ or equivalent tor . The former is impossible
since we do nothave £ b - L, henceJ is equivalenttor . Butthenl(cy,...,c,)isa
tautology. Since the constantss are freshyx; ...Vx, I(z1,...,z,) is also a tautol-
ogy. But we have/zy ... Va, I(z1,...,2,),Va(z ~ y) F L, soVz(x ~ y) F L too.
This contradicts the obvious observation thatx ~ y) has models. d

Below we will prove a general result on extracting intermbéafrom local refutations
from which the ground case will follow. Moreover, in Sectidrwe note that in the
ground case, if we use the superposition calculus and aircdataily of orderings,
all superposition proofs are local, so an arbitrary supgtjpm prover can be used for
finding interpolants for ground formulas.

The proofs of our results will also show the structure of iptgants extracted from
refutations. Any such interpolant is a boolean combinatibasome key inferences of
the refutation, calledymbol-eliminatingnferences. This suggests that in addition to
studying interpolants one can study symbol eliminationrwofs.

Consider anyA B-derivation//. Note that by the soundness condition (AB2) we
can replace every formul@ occurring in this derivation by its universal closuré’
and obtain amd B-derivationII’ where inferences are only done on closed formulas.
We will call such derivation$’ closed

We want to show how one can extract interpolants from locabfsrand also inves-
tigate the structure of such interpolants. To this end, wigpnove key Lemma 10 about
local proofs and introduce a notion that will be used to cti@rése interpolants. Ldil
be a localA B-derivation and” a formula occurring inf/. We say that” is justified by
A (respectively byB) in I7 if C'is clean and one of the following conditions hold:

(J1) Cisaleaf ofIf andA Fp C.
(J2) C'is a conclusion of an inference i of the form

c, - C,
c

)

such that for somé € {1,...,n} the formulaC}, is dirty andC}, € L4 (respec-
tively, Cx, € Lp).



Note that the fact that’ is justified by A does not necessarily imply thdt-, C'. Yet,
the derivation of any such formutd uses at least one formula derived froh{see the
proof of the following lemma).

Let us introduce a key notion of symbol-eliminating infecenWe call asymbol-
eliminating inferenceany inference of the form described in (J1) or (J2). That is, a
symbol-eliminating inference is an inference having amleanclusion and either no
premises at all, as in (J1), or at least one dirty premisen 432). The name is due to
the fact that the inference of (J2) has at least one dirty yrobcurring in premises
and this symbol is “eliminated” in the conclusion. In theeas (J1) one can use the
following explanation. Suppose, for example, tliatn (J1) is justified byA. The we
can conside€' as derived fron! by an inference

—_—

C
which also “eliminates” a dirty symbol occurring ih.

LEMMA 8. Let!I be alocald B-derivation. Further, lef’ be a clean formula such that
C'is justified byA in IT andC is not a leaf oflI. Take the largest sub-derivatidf of
1T with the following properties:

1. The last inference dff’ is an inference of’ satisfying (J2).
2. All formulas inII’ are in the languagg 4.

Then for every leaf” of 11’ one of the following conditions hold:

1. ¢’ is clean and justified bys.
2. C" e LyandA b1 C.

The same holds if we swap and B in the conditions.

Proof. First, consider the case wheif is dirty. Since every formula idI’ is in the
language’ 4, thenC” is in the languag€ 4 too, but not inl 5. Consider two cases. If
(' is also a leaf of 7, then by (L2) and (AB1) we hava 1 C’ and we are done. [’

is not a leaf of/7, consider the inference 6f' in I1. Sincell is local, all premises of this
inference are in the languadg,, so the inference must be iii’, which contradicts the
assumptions that” is a leaf ofII’ and that/I’ is the largest sub-derivation satisfying
(1) and (2).

It remains to consider the case whéhis clean. IfA 1 (C’, then (since’ €
L4) we are done. IfA ¥ C’, then there exists an inference ©f in IT from some
premises’y, ..., C,. If all these premises are in the languagg, then the inference
itself belongs talI’, which contradicts the assumptions tiddtis a leaf of /I’ and that
IT" is the largest sub-derivation satisfying (1) and (2). Thee at least one of the
premises is dirty and belongs fiy;, thenC” is justified by B and we are done. [

Note that in the sub-derivatiafi’ of this lemmaevery leaf is a conclusion of a symbol-
eliminating inference

Our aim now is to show how one can extract an interpolant frolmcal deriva-
tion. To this end we will first generalise the notion of intelgnt by relativising it to a
quantifier-free formula’'.



DEFINITION 9 (C-INTERPOLANT). Let C' be a quantifier-free formula. A formulais
called aC-interpolantof A andB if it has the following properties.

(C1) Every free variable of is also a variable of .

(C2) Iis clean;

(C3) ~-C,Abr I;

(C4) I,B+r C. O

Note that the notion of reverse interpolantis a special obfe notion ofC-interpolant.
Indeed, take”' to be L: thenwe haved - I andl, B Fr L.

LEMMA 10. Letl] be alocal closed! B-derivation of a clean formul&'. Then there
exists aC-interpolant ofA and B. Moreover, thisC-interpolant is a boolean combina-
tion of conclusions of symbol-eliminating inferences/of

Proof. The proof is by induction on the number of inferencedinlIf /I consists of
a single formulaC, then by property (AB1) ofd B-derivation we should consider the
following cases:A Fr C (soC' is justified by A) and B Fp C (so C' is justified by
B). Consider the first case. We claim tl@tis a C-interpolant. Indeed, (C1) and (C2)
are obvious sincé coincides withC'. (C3) becomes-C, A Fp C and is implied by
A bp C. Finally, (C4) become€’, B 1 C and holds trivially.

For the second case we claim that' is aC-interpolant. Indeed, (C1) and (C2) are
obvious as in the previous case. (C3) becomé€s A 1 —C and is trivial. Finally,
(C4) becomes:C, B p C and is implied byB -1 C.

Now suppose thall consists of more than one formula. Consider the last infaren
of the derivation

Ci -+ Cp
c

Let S be the set of formulasCy, . .., C,, }. Let us consider the following three cases.

1. S contains a dirty formula an C £ 4 (note that in this cas€' is justified by A);
2. S contains a dirty formula anfl C L (in this case” is justified by B).
3. § C L (thatis, all premises of the inference are clean);

By the property (L1) of local derivations, these three caseer all possibilities. We
will show how to build aC-interpolant in each of the cases.

CAsE 1 (C is justified byA.) Consider the largest sub-derivatidf of IT derivingC'
and satisfying Lemma 8. This sub-derivation has zero or rolean leaves’, ..., C),
justified by B and one or more leaves in the langudgeimplied by A. Without loss of
generality we assume that there is exactly one I2af the latter kind (if there is more
than one, we can take their conjunction/as By the soundness property of derivations
we haveCy,...,C,, D Fr C, which impliesCy, ..., C,, A br C. By the induction
hypothesis, foralj = 1,...,n one can build &';-interpolant/; of A andB satisfying
the conditions of the lemma. We claim that

T VI)A . ACuVI)A—(CLA...ACy)



is aC-interpolant ofA and B. We have to prove-C, A +r I andI, B +r C. Since
eachl; is aCj-interpolant ofA and B, we haveA Fr C; v I, forallj = 1,...,n.
In addition, we have’y, ..., C,, A Fp C, and so-C, A Fp =(Cy A ... A Cy,). This
proves~C, A bp 1.

It remains to provd, B - C. We will prove a stronger property, B - L. By
the induction hypothesis we have, B - C;, forall j = 1,...,n. Butl - I; v Cj,
hencel, Bt C; forall j = 1,...,n. Finally, we havel - —(Cy A ... A (), which
yieldsI, B+ L.

Note that! in this proof is a boolean combination 6, ...,C,, I1,..., I,, which
implies that it is a boolean combination of conclusions ahbgl-eliminating infer-
ences.

CAsE 2 (C is justified byB.) Consider the largest sub-derivatiéf of IT derivingC'
and satisfying Lemma 8. This sub-derivation has zero or role@n leaves’;, ..., C,
justified by A and one or more leaves in the languagge implied by B. As in the
previous case, we assume that there is exactly onelbeaf the latter kind. By the
induction hypothesis, forajl = 1, ..., n one can build &’;-interpolant/; of A andB
satisfying the conditions of the lemma. We claim that

I @ vI)A . AC,VI,)

is aC-interpolant ofA and B. The proof is similar to case 1.
CAskE 3 (all premises are clean)n this case one can build @-interpolant as in the
previous cases by replacidg by T. O

This lemma implies the following key result.

THEOREM11. Let/l be a closed locall B-refutation. Then one can extract frofh
in linear time a reverse interpolantof A and B. This reverse interpolant is a boolean
combination of conclusions of symbol-eliminating infeces of/1. O

When we speak about “linear time” in this theorem we meanwwabuild a dag rep-
resentation of the interpolant. As a corollary of this tleeorwe obtain the following
one.

THEOREM12. Let/I be aclosed locall B-refutation. Then one can extract frafhin
linear time a reverse interpolahbf A and B. This interpolantis ground if all formulas
in IT are ground. O

If all formulas in the derivation are universal, the revdrgerpolantis a boolean combi-
nation of universal formulas but not necessarily a uniddanula. Example 7 shows
that this result cannot be improved, since there may be neetsal reverse interpolant
even when all formulas in the local derivation are universal

It is interesting to consider the use of interpolants infieation in view of this the-
orem. Most papers on the use of interpolation outside of gsitienal logic do not use
the interpolant per se, but use the set of atoms occurringrivesnterpolant extracted
from a proof [8]. Theorem 11 says that this set of atoms is thxdoe set of atoms
occurring in the conclusions of symbol-eliminating infeces. There is also a strong
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evidence that symbol elimination is a key to finding loop miamats [13]. This poses an
interesting problem of studying symbol elimination in \oars theories. More precisely,
given formulasd and B, we are interested in formul@ssuch thatC' is a conclusion of
a symbol-eliminating inference in a derivation frotrand B.

4 Superposition and interpolation

In this section we investigate extraction of interpolamts superposition refutations.
This is motivated by potential applications of such intéands to verification. We con-
sider only ground formulas and two kinds of superpositiolcudas: the standard one
and its extension LASCA from [12].

We have already pointed out using Example 7 that the resuéxtnacting inter-
polants from superposition proofs in [18] is incorrect. Titeav in the proofs of this
paper is as follows. It cites (without proof) the followingoperty of the superposition
calculus: if a clausé€’ is implied by a saturated set of clausgsthenC' is implied by
a subset of5 consisting of clauses strictly smaller théh This property does not hold
even if we use the subset consisting of clauses smaller theaqual toC'. For example,
the set consisting of a single claugg:) % f(b) is saturated and % b follows from it
buta % b is strictly smaller tharf (a) 2 f(b) in all simplification orderings.

In the rest of this section, unless stated otherwise, wenassa deal with ground
formulas only. A detailed description of the superposit@@iculus can be found in
[20], see [20, 12] for more details. The calculus LASCA [1&] §round linear rational
arithmetic and uninterpreted functions is given in Figurk s a two-sorted theory and
uses the symbot for equality on the sort of rationals and the symbofor equality
on the second sort. In all rules we have the conditisnr. The standard superposition
calculus for ground formulas can be obtained from LASCA by

e removing all arithmetical rules;
e replacing equality modulo AG 4 by the syntactic equality.
e Replacing thel-elimination rule with the equality resolution rule

s#sVC
C

Let us call a simplification ordering- on ground termseparatingif each dirty
ground term is greater in this ordering than any clean graeimd. It is not hard to argue
that such orderings exists. For example, both the KnuthdBegi 1] and the LPO [9]
families of orderings can be made into separating orderisig the following ideas. In
the case of KBO one should use ordinal-based KBO of [14], resikey dirty symbol of
weightw have weightow and preserve the weights of clean symbols. Then the weight
of every dirty ground term will be at least and the weight of every clean ground
term will be finite. Likewise, for LPO we should make all dirsymbols have higher
precedence than any clean symbol. Note that in practice K {inite weights) and
LPO and the only orderings used in theorem provers.

% Vampire [21] uses KBO where predicates may have weightserézan.



Fig. 1. Linear Arithmetic Superposition Calculus (LASCA) for graliclauses

Ordered Paramodulation:

/ () l=acl',
Cvi~r L[l',VD (i) (l~7) > C.
CV DV L]y
Equality Factoring: ) ,
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/N / ~ "
CVE=SVEES () (trs) = CVE ~ s,
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(i) (1=1) = C.
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Fourier-Motzkin Elimination: (i) 1>7r)=C,
OvVis>r —U'>+' VD (iii) there is nol” > r"" € C such thal” =4¢ 1
CVDV-—r'>r ) (=I'>r") =D

(v) thereisno—I" > r" € D such thal” =4¢ L.

Inequality Factoring (InF1):

CVHl>r'VHl>r
CVr>r'vVEl>r

()l =acl,
(i) (£ >7)=CVE >71'.

Inequality Factoring (InF2):

CVHl>r'vV+l>r
CVvr' >rvEl>1

Q)1 =acl,
(i) (£ >7)=CVEl >71.

L -Elimination:
cv L (i) C contains onlyT, L literals.
C

11
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THEOREM13. If - is separating, then everyB-derivation in LASCA is local.

Proof. We will prove by induction that every inference in &B-derivation is local.
Note that this implies that every clause in this inferencedither only symbols it 4
or only symbolsinCp.

We will only consider the ordered paramodulation rule:

Ordered Paramodulation:
Cvi~yr L[l'l,VvD
CVvDVL[r],

The proof for all other rules is similar.

By the induction hypothesis both premises have either gmy®Is inL 4 or only
symbols inL z. Note that if the left premise is clean, then the inferendedal: indeed,
all symbols occurring in the conclusion also occur in presisSuppose that the left
premise is dirty. Without loss of generality we assume thiagiongs tol 4. Note that
the conditiond > r and(! ~ r) > C guarantee thatis the greatest term in the left
premise: this implies thdtcontains a dirty symbol. But the right premise contains a
term!’ that is AC-equal td, so!’ contains this symbol too. Hence, the right premise
cannot contain dirty symbols occurring iand so the inference is local. O

()l =acl,
(i) l=r)=C.

Theorems 11 and 13 yield a new algorithm for generating patents in the com-
bination of linear rational arithmetic and superpositi@hcalus. Namely, one should
search for proofs in LASCA using a separating ordering ame txtract interpolants
from them.

5 Interpolation and invariant generation

In this section we discuss the use of interpolants in invéuiganeration for proving loop
properties. For proving an assertion for a program comtgifdops one needs to find
loop invariants. Jhala and McMillan [8] propose the follogitechnique for extracting
predicates used in loop invariants. Suppose ha) is a post-condition to be proved,
wheres is the set of state variables of the program; the progranabkes are also
considered as constants in a first-order language. One ceraje one or more loop
unrollings and consider the corresponding set of pathé) eaih leading from an initial
state to a state whe(s) must hold. Take any such path which uses: transitions
represented by quantifier-free formulas

T1(§7 gl)a s aTn(ga 8/)'

Let Q(5) be a formula representing the set of initial states. Thenaamewrite the
(ground) formula

Q(50) NT1(30,51) A .. ATy (8n—1,8n) A —P(5p), (1)

expressing that we can follow the pathfrom an initial state to a state satisfying the
negation ofP(s,). If (1) is satisfiable, then the path gives a counterexammiete
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post-conditionP(s,,). Otherwise (1) is unsatisfiable, so it should have some kind o
refutation. For simplicity consider the case whee- 1, then (1) becomes

Q(50) A T1 (30, 51) A ~P(51).

This is a formula containing constants referring to twoesaiNote that the reverse
interpolant of)(50) AT (50, 51) and—P(5;) is a state formula using only the constants
5. Itis proposed to generate such a reverse interpolant fnempitoof and try to build
an invariant state formula from the collection of atoms @dog in interpolants for
all paths. It turns out that this approach works well in pi@sthowever notice that
what is used in the invariant is not the interpolant but oriynas occurring in it. We
know that, for local proofs, these atoms are exactly thoseiwimg in conclusions of
symbol-eliminating inferences. Jhala and McMillan [8] defa more general notion of
interpolant referring to a sequence of formulas; we canrnefitate all results of this
section for this more general notion too.

Let us make a few observations suggesting that symbol editioim is another in-
teresting property in this context. Note that [8] definesiatgres in such a way that
all symbols apart from the state constants are clean. Térerafreverse interpolant is
always sought for a pair of formula(sy, 51) and B(51), wheres, are the only dirty
symbols.

THEOREM 14. The formuld defined aslz A(z, 51) is a reverse interpolant of(5¢, 51)
andB(s,). Moreover, it is the strongest interpolant of these formuthat is, for every
other interpolanf’ we havel 1 I'. O

The strongest reverse interpolanfrom this theorem is not a ground formula. How-
ever, if " has quantifier elimination, one can obtain an equivalentigddormula by
guantifier elimination. A similar observation is made by Kapt.al. [10]. This implies,
for example, that the Fourier-Motzkin variable eliminatiprocedure gives interpolants
for the theory of linear rational arithmetic. One can alstentbat the interpolant of
Theorem 14 represents the image of the set of all states thansition havingl as
its symbolic representation. The interesting point is thatactice the image turned out
to be not a good formula for generating invariants, see &6j, §o it is only interpolants
extracted from refutations that proved to be useful in veatfon and model checking.

Let us also point out that an interesting related notion kasnitly been introduced
by Gulwani and Musuvathi [6]. Namely, they calkcaverof 3z A(z, 5,) the strongest
ground formulaC' such thatdz A(z, 5,) Fr C. In general covers do not necessarily
exist. Evidently, in a theory with quantifier eliminationezy formula has a cover. Gul-
wani and Musuvathi [6] show that there are theories havingumentifier elimination
property but having the cover property, that is every erisaformula has a cover. It
is not hard to argue that the notion of cover captures allggdnterpolants:

THEOREM15. Suppose thatz A(z, 51) has a cover. If A(sy,s;) andB(s1) have a
ground interpolant’, thenI is also a ground interpolant of these formulas and we have
I-1T. ]
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6 Reated Work

Most of the existing approaches for generating interpglafttr example Henzinger
et.al. [7], McMillan [17], Jhala and McMillan [8] require pkcit construction of res-
olution proofs in the combined theory of linear arithmetithauninterpreted function
symbols. Interpolants are then derived from these prodfsirimethod of extraction is
quite complex compared to ours, especially when equalégaoring is involved.

Cimatti, Griggio and Sebastiani [2] show how to extract iptgants in the com-
bined theory of linear arithmetic with uninterpreted fuantsymbols. The interpolants
are extracted from proofs produced by an SMT solver.

Unlike the aforementioned works, Rybalchenko and Sofr@takkermans [22] do
not require a priori constructed proofs. Instead, they cedhe problem of generating
interpolants in the combination of the theories of lineathanetic with uninterpreted
functions to solving constraints in these theories in tleedrichical style of [23]. An ap-
proach for constructing interpolants in combinations efothes over disjoint signatures
is proposed by Yorsh and Musuvathi [25]. Note that [25, 22hdbpresent experiments
of whether interpolants generated using their methodssefilfor verification.

Kapur, Majumdar and Zarba [10] discuss connections of jpatiation to quantifier
elimination. Some of their results have been cited here.

7 Conclusion

Our results suggest that local proofs and symbol-elimiggitiferences can be an in-
teresting alternative to interpolation. Note that one aareh for local proofs even for
theories not having the interpolation property. For examtile theory of arrays does
not have this property [10] but there exists a simple axi@ga#ibn of arrays that can be
used in a superposition prover [24, 4, 5]. This would giveinodmplete) procedure for
generating interpolants or finding symbol-eliminatinggfin the combination of the
theories of uninterpreted functions, linear rationalrarietic and arrays. The procedure
adds an axiomatisation of arrays to the non-ground verdibABCA and searches for
local proofs in the resulting theory. We believe it is an iesting direction for future
research.

AcknowledgmentsWe thank Konstantin Korovin for stimulating discussions.
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