
On Algorithms for Simple Stochastic GamesAnne Condon1Computer Sciences DepartmentUniversity of Wisconsin-Madison1210 West Dayton StreetMadison, WI 53706AbstractWe survey a number of algorithms for the simple stochastic game problem, which is to determine the winningprobability of a type of stochastic process, where the transitions are partially controlled by two players. Weshow that four natural approaches to solving the problem are incorrect, and present two new algorithms for theproblem. The �rst reduces the problem to that of �nding a locally optimal solution to a (non-convex) quadraticprogram with linear constraints. The second extends a technique of Shapley called the successive approximationtechnique, by using linear programming to maximize the improvement at each approximation step. Finally, weanalyze a randomized variant of the Ho�man-Karp strategy improvement algorithm.1 IntroductionIn this paper, we study algorithms for the simple stochastic game problem. The problem is to �ndthe winning probability of a type of stochastic process where transitions are partially controlled by twoplayers. A simple stochastic game is a restriction of the general stochastic game introduced by Shapley[10] in 1953. Although this problem is known to be in NP \ co-NP (Condon [1]), no algorithm for theproblem is known to run in polynomial time. We conjecture that the problem is in P and are interestedin �nding a polynomial time algorithm for the problem. Although we do not achieve this goal here, wepresent a number of new results on algorithms for the problem.Our results are as follows. We present counterexamples that show that four natural approaches areincorrect. We also describe two new (correct) algorithms for the simple stochastic game problem. The�rst reduces the problem to that of �nding a locally optimal solution to a (non-convex) quadratic programwith linear constraints. The second extends a technique of Shapley [10], called the successive approxima-tion technique, by using linear programming to maximize the improvement at each approximation step.Finally, we analyze a randomized variant of the Ho�man-Karp strategy improvement algorithm [5] andshow that the number of iterations required is at most 2n�f(n) + o(2n), for any function f(n) = o(n),where n is the number of nodes of the game.The rest of this paper is organized as follows. In Section 1.1, we de�ne the simple stochastic gameproblem and describe some fundamental properties of stochastic games. We describe previous work onalgorithms for this problem in Section 1.3. In Section 2, we present four natural algorithms for the simplestochastic game problem and prove all are incorrect. Our new algorithms are described in Section 3.Conclusions and open problems are presented in Section 4.1Supported by National Science Foundation grant number DCR-8802736.
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1.1 De�nition and Properties of Simple Stochastic GamesA simple stochastic game (SSG) is a directed graph G = (V;E) with the following properties. Thevertex set V is the union of disjoint sets Vmax; Vmin; Vaverage, called max, min and average vertices,together with two special vertices, called the 0-sink and the 1-sink. One vertex of V is called the startvertex. Each vertex of V has two outgoing edges, except the sink vertices, which have no outgoing edges.Without loss of generality, assume that the vertices of G are numbered 1; 2; : : : n, with n�1 and n beingthe 0- and 1-sink vertices, respectively.Associated with the game are two players, 0 and 1, who play the following game. Initially, a tokenis placed on the start vertex. The token is moved along edges of the graph, according to the followingrules: whenever the token is on a min (max) vertex, player 0 (1) chooses the edge from that vertex alongwhich the token is moved. Whenever the token is on an average vertex, the token is moved along anedge from that vertex which is chosen randomly and uniformly. The game ends when the token reachesa sink vertex. Player 1 wins if the token reaches the 1-sink vertex; otherwise player 0 wins.A min strategy � of player 0 is a set of edges of E, each with its left end at a min vertex such thatfor each min vertex i there is exactly one edge (i; j) in � . Informally, if (i; j) 2 � then in a game whereplayer 0 uses strategy � , the token is always moved from vertex i to vertex j. Similarly, a max strategy� of player 1 is a set of edges of E, each with its left end at a max vertex such that for each max vertexi there is exactly one edge (i; j) in �.Corresponding to strategy � is a graph G� , which is the subgraph of G obtained by removing fromeach max vertex the outgoing edge that is not in the strategy �. Similarly, corresponding to a pair ofstrategies � and � , is a graph G�;� obtained from G� by removing from each min vertex the outgoingedge that is not in � . In G�;� , every max and min vertex has one outgoing edge. Thus G�;� can beconsidered as a Markov process where the states of the process are the vertices of G and the transitionprobabilities qij ; 1 � i; j � n are de�ned as follows. If i � n�1 then qij = 12 if i is an average vertex withoutgoing edge (i; j); qij = 1 if i is a max or min vertex with outgoing edge (i; j) and qij = 0 otherwise.Since n � 1 and n are sink states, we de�ne qnn = qn�1n�1 = 1, qnj = 0 if j 6= n and qn�1j = 0 ifj 6= n� 1.We de�ne the value v�;� (i) of each vertex i of G with respect to strategies � and � to be the probabilitythat player 1 wins the game if the start vertex is i and the players use strategies � and � . The optimalvalue of node i of G is de�ned to be max� min� v�;� (i). The SSG problem is: given a SSG G, is the optimalvalue of the start node of G at least 1=2?1.1.1 Stopping GamesWe assume in this paper that an SSG is a stopping game, which means that for all pairs of strategies �and � , in the graph G�;� , there is a path from every node to a sink node. Condon [1] showed that theSSG problem is polynomial time many-one reducible to the SSG problem where instances are restrictedto be stopping games. Hence, a polynomial time algorithm for stopping SSG's also yields a polynomialtime algorithm for the unrestricted SSG problem.Let � and � be strategies of a SSG G with n nodes. The values v�;� (i) can be expressed as a solutionto linear equations as follows. Let �v�;� = (v�;� (1); : : : ; v�;� (n � 2)). Let Q be the (n � 2) � (n � 2)matrix whose ijth entry is qij , that is, the probability of reaching j from i in one step. Let �b be the(n� 2)-vector whose ith entry is qin, that is, the probability of reaching the 1-sink from i in one step.2



Lemma 1 �v�;� is the unique solution to the equation �v�;� = Q�v�;� +�b. Also, I �Q is invertible, allentries of (I �Q)�1 are non-negative and the entries along the diagonal are strictly positive.Uniqueness in the above lemma follows from the assumption that G is a stopping game. A proof canbe found in [1].1.1.2 Optimal Values and StrategiesWe next summarize properties of the optimal values of a SSG. Shapley [10] (see also [1]) showed thatfor any node i, max� min� v�;� (i) = min� max� v�;� (i):We de�ne the optimal value vector of G to be the vector of optimal values of the nodes of G. Theoptimal value vector of G is the unique solution to the following constraints (uniqueness follows fromthe assumption that G is a stopping game).v(i) = max(v(j); v(k)); if i is a max node with children j and kv(i) = min(v(j); v(k)); if i is a min node with children j and kv(i) = 1=2(v(j) + v(k)); if i is an average node with children j and kv(n� 1) = 0v(n) = 1:We de�ne max strategy � to be optimal with respect to min strategy � if for all max nodes i withchild j, v�;� (i) � v�;� (j). Similarly, � is optimal with respect to � if for all min nodes i with child j,v�;� (i) � v�;� (j). Max strategy � is optimal if for all i, min� v�;� (i) equals the optimal value of i at G.Similarly, min strategy � is optimal if for all i, max� v�;� (i) equals the optimal value of i at G.Shapley showed that there is a pair of optimal strategies �(opt) and �(opt) such that if �v is theoptimal value vector of the game, then for all i; 1 � i � n, v(i) = v�(opt);�(opt)(i). The following lemmais proved in [1].Lemma 2 The optimal value of any node of a simple stochastic game with n vertices is of the formp=q, where p and q are integers, 0 � p; q � 4n�1.1.1.3 Generalized GamesIn describing our algorithms and in proving them correct, it is sometimes convenient to generalize thede�nition of a SSG in two ways. First, we generalize the de�nition of a strategy. A probabilistic max (min)strategy is a weighting of the edges from the max (min) nodes, such that the weights are probabilitieswhich sum to 1. The previous de�nition of a (pure) strategy is the special case where all weights areeither 0 or 1. Second, we sometimes de�ne a game to have more than two sink nodes. Each sink nodehas no outgoing edges and has an associated value in the range [0; 1]. If a sink node s has value v, thenthe probability that player 1 wins, given that sink node s is reached, is v. Note that the 0-sink and1-sink have values 0 and 1, respectively. Unless explicitly stated, our model of stochastic game is notgeneralized in these ways; when it is, we refer to the model as a generalized SSG.The following lemma is used in Section 3 and is true even for generalized games.3



Lemma 3 Let G be a generalized SSG such that the sink nodes are numbered from j to n, withvalues v(j); : : : ; v(n). Let � and � be max and min strategies of G. Then the value v�;� (i) of node i isPnk=j pi(k)v(k), where pi(k) is the probability of reaching the kth sink from node i in G�;� .1.2 NotationWe use the following notation throughout the paper in describing our algorithms. Let G be a SSG withn nodes.Let �v = (v(1); : : : ; v(n)), where v(n�1) = 0 and v(n) = 1. Let i be a node of G with children j and k.We say a node i of G is �v-feasible if the following is true. If i is an average node, v(i) = 1=2(v(j)+v(k));if i is a max node, then v(i) � maxfv(j); v(k)g and if i is a min node, then v(i) � minfv(j); v(k)g. Wesay �v is a feasible vector of G for all i, 1 � i < n� 1, i is �v-feasible.We say node i is �v-stable if i is �v-feasible and furthermore, the following holds. If i is a max node,then v(i) = maxfv(j); v(k)g, and if i is a min node, then v(i) = minfv(j); v(k)g. If i is not �v-stable,then i is �v-unstable. The vector �v is stable if for all i, 1 � i < n� 1, i is �v-stable. Otherwise the vectoris unstable. Note that from the results cited in Section 1.1.2, a stable vector is the unique optimal valuevector of the game.We say i is �v-switchable if i is a max node and v(i) < maxfv(j); v(k)g, or i is a min node andv(i) > minfv(j); v(k)g. If � (�) is a strategy containing edge (i; j), we say �0 (� 0) is obtained from � (�)by switching node i if �0 = � � f(i; j)g+ f(i; k)g (� 0 = � � f(i; j)g+ f(i; k)g). This can be generalizedto switching sets of nodes.1.3 Previous WorkShapley [10] introduced the stochastic game model in 1953. Since then, numerous variations of Shapley'smodel have been studied, and many algorithms have been proposed. We have chosen to study the simplestochastic game because it is the simplest possible restriction of Shapley's model, which retains justenough complexity so that no polynomial time algorithm is known. Naturally, algorithms for the moregeneral models also solve the SSG problem. In this section, we summarize three techniques that havebeen developed in previous work on general stochastic games, and apply them to our simple model.The �rst is called successive approximation, introduced by Shapley [10], where a solution to theproblem is found from an initial feasible vector, by repeatedly updating the value of each node basedon the values of its children. This algorithm converges to the optimal value vector in the limit; howeverit can require exponential time to even get within a constant factor of this value. See the example ofFigure 1. In this and all �gures, min, max and average nodes are labeled N;X and A, respectively andthe 0-sink and 1-sink nodes are labeled 0 and 1, respectively.
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algorithm Successive Approximationlet �v be the feasible vector in which all min nodes have value 0 and all maxnodes have value 1repeatlet �v0 be de�ned as follows:v0(i) = maxfv(j); v(k)g; if i is a max node with children j and kv0(i) = minfv(j); v(k)g; if i is a min node with children j and kv0(i) = 1=2(v(j) + v(k)); if i is an average node with children j and kv0(n� 1) = 0v0(n) = 1let �v  �v0until �v is stable
N A A A 1. . . Figure 1: Exponential time example for Shapley's Successive Approximation AlgorithmSuppose there are n average nodes in this �gure. Then after the �rst iteration of the successiveapproximation algorithm, the value of the min node is 1=2n. After i iterations, the value is 1�(1�1=2n)i.Hence in the limit, as i goes to in�nity, this is 1, but the rate of convergence is exponentially slow in n.Note that this example illustrates another useful fact: a feasible vector in which the di�erence betweenthe value of all unstable nodes and their children is very small, may not be at all close to the optimalvalue vector. In this example, the initial vector is such that the only unstable node is the min node, andthe di�erence between it and its child is only 1=2n. Yet, in the optimal value vector, the value of thismin node is 1.Another approach to solving general stochastic game problems is by reduction to mathematicalprogramming problems, usually quadratic programming problems with non-convex objective functions,which are NP-complete. See Schultz [11] or Filar and Schultz [4] for a survey of such algorithms. Whena SSG game is restricted to just two types of nodes { either max and average, or min and average { theproblem is polynomial time solvable by reduction to linear programming. The proof is due to Derman[2]. He showed that if G = (V;E) is a SSG with n vertices, none of which are min vertices, then theoptimal value vector of G is the optimal solution to the following linear programming problem.algorithm Linear Programming (for SSG's with no min vertices)minimize Pnl=1 v(l), subject to the constraintsv(i) � v(j); if i is a max vertex and (i; j) 2 Ev(i) = 1=2(v(j) + v(k)); if i is an average vertex and (i; j); (i; k) 2 Ev(i) � 0; 1 � i � nv(n� 1) = 0v(n) = 1Note that the constraints simply ensure that the solution is feasible. Khachiyan [6] has shown thatthe linear programming problem is computable in time polynomial in the length of the input, which is5



polynomial in n in this case. The proof for case (2), where G has just min and average vertices, is verysimilar.A third method is known as the strategy improvement method, which was developed �rst for Markovdecision processes, which are simple stochastic games with just max and average nodes, and no minnodes. This method was �rst proposed by Ho�man and Karp [5] for stochastic games. A pair ofstrategies of the players is chosen initially and repeatedly improved until an optimal strategy is found.algorithm Ho�man-Karplet � and � be arbitrary max and min strategies, respectivelyrepeatlet �0 be obtained from � by switching all �v�;� -switchable max nodeslet � 0 be the min strategy that is optimal with respect to �0let �  �0, �  � 0until �v�;� is stableThe proof of correctness of this algorithm is very similar to our proof in Section 3 that a randomizedvariant is correct. The proof is based on the fact that at each iteration, for all i, v�0;� 0(i) � v�;� (i) andif i is a �v�;� -switchable max node, the inequality is strict. Each iteration can be executed in polynomialtime, by using Derman's linear programming algorithm to �nd � 0 when �0 is �xed. It is not known ifthis algorithm requires an exponential number of iterations in the worst case. However, Melekopoglouand Condon [7] showed that many variations of the Ho�man-Karp algorithm require exponential time.In these variations, instead of switching all switchable max nodes in obtaining �0, only one switchablemax node is switched.Other relevant surveys of algorithms for stochastic games can be found in Vrieze [15] and Peters andVrieze [8]. Also Van der Wal [13] and Federgruen [3] contain results on convergence rates for successiveapproximation schemes. Van der Wal [14] describes a variation of the strategy improvement algorithmof Ho�man and Karp in which an approximation to the optimal strategy is found at every step.2 Incorrect AlgorithmsIn this section, we present four algorithms for the SSG problem. These algorithms use very di�erenttechniques, and seem to be natural algorithms for the problem. We show that all are incorrect.2.1 Naive Linear Programming AlgorithmThis algorithm extends the linear programming algorithm of Derman, described in the previous section,to simple stochastic games. The challenge is in designing a linear objective function which simultaneouslyminimizes the values of the max nodes and maximizes the values of the min nodes, subject to theconstraint that the vector of values is feasible. In this algorithm, the objective function minimizes thesum of the values of the max nodes minus the sum of the values of the min nodes, subject to theconstraints that the solution is feasible.
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algorithm Naive Linear Programmingminimize Pl2Vmax v(l)�Pl2Vmin v(l), subject to the constraintsv(i) � v(j); if i is a max vertex and (i; j) 2 Ev(i) � v(j); if i is a min vertex and (i; j) 2 Ev(i) = 1=2(v(j) + v(k)); if i is an average vertex and (i; j); (i; k) 2 Ev(i) � 0; 1 � i � nv(n� 1) = 0v(n) = 1This algorithm is incorrect, as illustrated by the example of Figure 2. In the example, the value ofall max and min nodes should be 1, in which case the value of the objective function is 1. However, bysetting all the max and min nodes to 0, the constraints are still satis�ed and the value of the objectivefunction is 0.
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Figure 2: Counterexample to the Naive Linear Programming Algorithm2.2 Modi�ed Ho�man-Karp AlgorithmThis algorithm is based loosely on the Ho�man-Karp algorithm. It proceeds in iterations, starting withan arbitrary pair of strategies � and � . It tries to improve on this pair by �nding a max strategy �0 whichis optimal with respect to � , and a min strategy � 0 which is optimal with respect to �0. Thus it di�ersfrom the Ho�man-Karp algorithm by �nding an optimal �0, instead of just switching the �v�;� -switchablemax nodes to obtain �0. Linear programming can be used to �nd the strategies in each iteration, usingDerman's technique, so that each iteration can be completed in polynomial time.algorithm Modi�ed Ho�man-Karplet � and � be arbitrary max and min strategies, respectivelyrepeatlet �0 be an optimal max strategy with respect to �let � 0 be an optimal min strategy with respect to �0let �  �0, �  � 0until �v�;� is stableThis algorithm is incorrect, as illustrated in Figure 3. In this example, there are two max nodes,numbered 1 and 2, and two min nodes, numbered 3 and 4. In addition, for convenience in specifyingstrategies, two average nodes are numbered 5 and 6 and three sink nodes are numbered 7, 8 and 9. Thesenumbers appear in parentheses as labels of the corresponding nodes. We use generalized sink nodes forsimplicity, but these can be replaced by average nodes which are further connected to the 0- and 1-sink7



nodes. The sink nodes are labeled by their values, for example, sink nodes numbered 7 and 8 have values:9 and :4, respectively.Suppose that the initial strategies are � = ff1; 3g; f2; 6gg and � = ff3; 8g; f4; 1gg. In the �rstiteration, the new � is obtained by switching all edges of the initial strategy �, and subsequently, thenew � is obtained by switching all edges of the initial � . In the second iteration, the new strategies areobtained by switching all edges yet again. Thus, the third iteration is the same as the �rst, the fourthiteration is the same as the second, and so on. The algorithm never �nds the optimal strategies, whichare � = ff1; 7g; f2; 6gg and � = f3; 8g; f4; 9gg. Table 1 lists the values of the nodes as the algorithmproceeds through the �rst two iterations.
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Figure 3: Counterexample to the Modi�ed Ho�man-Karp AlgorithmIteration Strategies Values of Nodes� � 1 2 3 4 5 60 ff1; 3g; f2; 6gg ff3; 8g; f4; 1gg 0.4 0.55 0.4 0.4 0.3 0.551 (obtain �) ff1; 7g; f2; 5gg ff3; 8g; f4; 1gg 0.9 0.675 0.4 0.9 0.675 0.55(obtain �) ff1; 7g; f2; 5gg ff3; 2g; f4; 9gg 0.9 0.375 0.375 0.5 0.375 0.531252 (obtain �) ff1; 3g; f2; 6gg ff3; 2g; f4; 9gg 1.0 1.0 1.0 0.5 0.375 1.0(obtain �) ff1; 3g; f2; 6gg ff3; 8g; f4; 1gg 0.4 0.55 0.4 0.4 0.3 0.55Table 1: Values of nodes of SSG of Figure 3 in the �rst two iterations of the Modi�ed Ho�man-KarpAlgorithm2.3 Pollatschek Avi-Itzhak AlgorithmThis algorithm was proposed by Pollatschek and Avi-Itzhak [9] for general stochastic games. It is similarto the Ho�man-Karp algorithm, except that instead of �nding optimal strategies at each iteration, itsimply modi�es both strategies from the previous iteration by switching all switchable nodes. Pollatschekand Avi-Itzhak proved that the method is correct under very strong assumptions. Rao, Chandrasekaran8



and Nair [12] gave a proof that the algorithm is correct for a general class of stochastic games. Van DerWal [14] pointed out that their proof is incorrect and gave a counterexample. His example is a generalstochastic game, not a SSG. We next describe this algorithm and show that on the example of Figure3, the algorithm is incorrect.algorithm Pollatschek Avi-Itzhaklet � and � be arbitrary max and min strategies, respectivelyrepeatlet �0 be obtained from � by switching all �v�;� -switchable max nodeslet � 0 be obtained from � by switching all �v�;� -switchable min nodeslet �  �0, �  � 0until �v�;� is stableAgain, consider the example of Figure 3. Table 2 illustrates the progress of the Pollatschek Avi-Itzhak algorithm, when the initial strategies are � = ff1; 7g; f2; 6gg and � = ff3; 8g; f4; 9gg. After fouriterations, the algorithm cycles.Iteration Strategies Values of Nodes� � 1 2 3 4 5 60 ff1; 7g; f2; 6gg ff3; 2g; f4; 9gg 0.9 1.0 1.0 0.5 0.375 1.01 ff1; 3g; f2; 6gg ff3; 8g; f4; 9gg 0.4 0.55 0.4 0.5 0.375 0.552 ff1; 7g; f2; 6gg ff3; 8g; f4; 1gg 0.9 0.55 0.4 0.9 0.675 0.553 ff1; 7g; f2; 5gg ff3; 8g; f4; 9gg 0.9 0.375 0.4 0.5 0.375 0.554 ff1; 7g; f2; 6gg ff3; 2g; f4; 9gg 0.9 1.0 1.0 0.5 0.375 1.0Table 2: Values of nodes of SSG of Figure 3 in the �rst four iterations of the Pollatschek Avi-Itzhakalgorithm2.4 The Naive Converge From Below AlgorithmThis algorithm is based on the successive approximation algorithm of Shapley. To motivate this algo-rithm, we �rst describe a correct algorithm that requires exponential time.This correct algorithm, the modi�ed successive approximation algorithm, di�ers from Shapley's suc-cessive approximation algorithm as follows. The sequence of vectors are such that all max nodes arestable, so only the min nodes are unstable. In the initial vector �v, the values of all min nodes are 0 andthe max nodes are �v-stable. (To see that such a vector exists, consider the generalized game G0 obtainedfrom the original game G, by removing all outgoing edges from the min nodes and changing them tosink nodes with value 0. Then, by Lemma 3, if �v is the optimal value vector of the modi�ed game G0,then all max nodes of G0 are �v-stable. This vector �v is clearly a feasible vector of the original game G,in which all min nodes have value 0 and all max nodes are �v-stable). At each iteration, a new vector �v0is found in which the values of the min nodes are increased just as in Shapley's algorithm, and the maxnodes remain stable. This vector can be found in polynomial time using linear programming, in a waysimilar to Derman's algorithm of Section 1.3.
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algorithm Modi�ed Successive Approximationlet �v be the feasible vector in which all min nodes have value 0 and all maxnodes are �v-stablerepeatlet �v0 be the feasible vector such that for all min nodes i with children jand k, v0(i) = minfv(j); v(k)g, and all max nodes are stablelet �v  �v0until �v is stableThis algorithm converges in the limit to the correct solution. However, it also requires exponentialtime to come even within a constant factor of the limit, in the example of Figure 1.The naive converge from below algorithm is presented next. This algorithm tries to make moreprogress than the last algorithm, by using linear programming to maximize the increases of the minnodes at every iteration. In order to do this, the max nodes must be constrained. The linear programconstrains the value of each max node to equal the child which currently has the larger value and to beat least the value of the other child. If both children have the same value, it constrains the value of themax node to equal one child, and alternates which child at alternate iterations. The following algorithmmakes this precise.algorithm Naive Converge From Belowlet �v be the feasible vector in which all min nodes have value 0 and all maxnodes are �v-stablelet � be any max strategy such that if (i; j) 2 �, then v(i) = v(j)repeatlet �x be the optimal solution to the following linear program:maximize Pni=1 x(i) subject to the following constraintsx(i) � x(j); if i is a min node with child jx(i) = 1=2(x(j) + x(k)); if i is an average node with children j and kx(i) = x(j) and x(i) � x(k); if i is a max node with children j and ksuch that (i) v(j) > v(k) or(ii) v(j) = v(k) and (i; j) 2 �x(n� 1) = 0x(n) = 1let �0 be obtained from � by switching all max nodes i with children jand k where x(j) = x(k)let �v  �x, �  �0until �v is stableThis algorithm is incorrect, as illustrated by Figure 4. In this example, min node 3 has value 0initially, and the max nodes have value 1=2. Let � initially be ff1; 2g; f2; 4gg. After the �rst iteration,the values of all max and min nodes are 1=2. Hence � becomes ff1; 4g; f2; 3gg. Thus, in the seconditeration, no value changes, since the value of node 2 is constrained to be at most the value of node 4,which is 1=2. After the second iteration, � = ff1; 2g; f2; 4gg again, so the third iteration is the same asthe �rst. Thus, the values remain 1=2, though the optimal value for the max and min nodes is 1.10
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.5(4)Figure 4: Counterexample to the Naive Converge from Below Algorithm3 Correct AlgorithmsIn this section, we describe three correct algorithms for the SSG problem. The �rst reduces the problemto that of �nding a locally optimal solution to a (non-convex) quadratic program with linear constraints.The second extends the successive approximation technique of Shapley, by using linear programming tomaximize the improvement at each approximation step. Finally, we analyze a randomized variant of theHo�man-Karp strategy improvement algorithm and show that the number of iterations required is atmost 2n�f(n) + o(2n), for any function f(n) = o(n).3.1 A Quadratic Programming AlgorithmIn this section, we describe a quadratic program with linear constraints whose solution is the optimalvalue vector of a SSG G with n nodes. Moreover, the optimal solution is the only locally optimal solutionto the quadratic program in the constrained region.The quadratic program is as follows: minimizeF (�v) = Xi 2 Vmax or Vminwith childrenj; k (v(i)� v(j))(v(i) � v(k))subject to the constraintsv(i) � v(j); if i is a max node with child jv(i) � v(j); if i is a min node with child jv(i) = 1=2(v(j) + v(k)); if i is an average node with children j and kv(n� 1) = 0v(n) = 1The constraints guarantee that every term in the sum of the objective function is always non-negativein the constrained region. In fact it is clear that the objective function F (�v) is 0 if and only if the vector�v is the optimal value vector of the game.We claim that 0 is the only locally optimal solution of the objective function in the feasible region.Suppose to the contrary that F (�v) is another locally optimal solution to the problem in the feasibleregion. Let g be any number � 12 minfjv(i) � v(j)j j i is a �v-unstable node with child jg. Note thatg > 0. We show how to �nd a feasible solution �v0 such that jv(i)� v0(i)j � g, for all i and F (�v0) < F (�v).This proves that �v cannot be a locally optimal solution.The vector �v0 is de�ned as follows. If i is a �v-unstable min node, then v0(i) = v0(i) + g. Similarly, ifi is a �v-unstable max node, then v0(i) = v0(i)� g. Furthermore, all other nodes are stable.11



We need to show that (i) for all i, jv0(i) � v(i)j � g; (ii) �v0 lies in the constrained region of thequadratic program and (iii) F (�v0) < F (�v).To show (i), we show that for any i, v0(i) � v(i) + g; a similar argument shows that v0(i) � v(i)� g.It is clearly true for nodes i which are v-unstable nodes, by de�nition of �v0. Let G0 and G00 be the gamesobtained from G by removing all edges from the �v-unstable nodes of G so that they become generalizedsink nodes, and setting the value of such a node k to be v0(k) and v(k), respectively. Then �v0 and �v arethe optimal value vectors of the games G0 and G00, respectively.Let �(opt) be an optimal min strategy of G00. Let v0�;� (i) denote the value of i in game G0 when themax and min strategies are � and � . We claim that in the game G0, for an arbitrary strategy �, for anyi, v0�;�(opt)(i) � v(i) + g. If this claim is true, thenv0(i) = min� max� v0�;� (i) � max� v0�;�(opt)(i) � v(i) + g:To prove the claim, �x i and let pi(k) be the probability of reaching the sink node k, when strategies�; �(opt) are used. (This probability is the same in G00 and G0). Then v(i) �Pnk=j pi(k)v(k), since v(i)is the optimal value of i in G00 andPnk=j pi(k)v(k) is the value of i when the strategies are � and �(opt).Hence, v0�;�(opt)(i) = nXk=j pi(k)v0(k) � nXk=j pi(k)(v(k) + g) � v(i) + g:We next show (ii), that the vector �v0 lies in the constrained region of the quadratic program. If iis a �v-stable node of G, then it is also a �v0-stable node and hence clearly satis�es the constraints ofthe program. Hence, suppose that i is a �v-unstable max node; the argument for unstable min nodes issimilar. We need to show that v0(i) � v0(j), where j is a child of i. By de�nition of g, v(i)� v(j) � 2g.We have already shown that v0(j) � v(j) + g and by de�nition v0(i) = v(i)� g. Hence,v0(i)� v0(j) � (v(i)� g)� (v(j) + g) = v(i)� v(j) � 2g � 0:Finally, we show (iii), that F ( �v0) < F (�v). To see this, let i be a node with children j and k. If i is a�v-stable node, so that the term (v(i)� v(j))(v(i)� v(k)) is 0, then it is also the case that i is �v0-stable,and so (v0(i)� v0(j))(v0(i)� v0(k)) is 0. If i is �v-unstable, say a min node (the argument is similar for amax node), then v0(j)� v0(i) � (v(j) + g)� (v(i) + g) = v(j) � v(i) andv0(k)� v0(i) � (v(k) + g)� (v(i) + g) = v(k)� v(i):Hence F ( �v0) � F (�v). To prove that F (�v0) is strictly less than F (�v), we show that for some �v-unstablei, (v0(i)� v0(j))(v0(i)� v0(k)) < (v(i) � v(j))(v(i) � v(k)). where j and k are the children of i.Suppose to the contrary that for all �v-unstable nodes i, v0(i)� v0(j) = v(i)� v(j) and v0(i)� v0(k) =v(i)� v(k), where j and k are the children of i. Fix any unstable node u, say a min node (the argumentis similar if u is a max node).Let N be the set of nodes de�ned inductively as follows: First, u 2 N . If m 2 N , then if m is anaverage node, both its children are in N ; if m is a min node with children l and p such that v(l) � v(p)then l is in N and else p is in N ; and if m is a max node with children l and p such that v0(l) � v0(p),then l is in N , and else p is in N . We show next that for all nodes l in N , v0(l)�v(l) = g. From this is it12



immediate that N contains no sink nodes, since clearly, v0(n� 1) = v(n� 1) = 0 and v0(n) = v(n) = 1.This implies that there exist strategies � and � such that in the graph G�;� , there is no path from u to asink node. This contradicts our assumption that G is a stopping game. Hence it must be the case thatfor some unstable node i, v0(i)� v0(j) < v(i)� v(j) or v0(i)� v0(k) < v(i)� v(k).We now prove that for all nodes l in N , v0(l)� v(l) = g. We do this by induction on the distance of lfrom u. The base case is when l = u; since u is a �v-unstable min node, by de�nition of �v0, v0(u) = v(u)+g.Now suppose that l is of distance � 1 from u and that l's parent is node m for which v0(m)� v(m) = g.Let m's other child be p. If m is a �v-unstable node, then by assumption, v0(m) � v0(l) = v(m) � v(l).Combining this with v0(m)�v(m) = g, it follows that v0(l) = v(l)+g. Otherwise, suppose that m is a �v-stable node. If m is an average node, then g = v0(m)�v(m) = 1=2(v0(l)�v(l))+1=2(v0(p)�v(p)) But wehave already shown that v0(l)�v(l) � g and v0(p)�v(p) � g. Hence both must be = g. If m is a �v-stablemax node, then m is also �v0-stable and so v0(m) = v0(l). Also, v(m) = maxfv(l); v(p)g � v(l). Hencev0(l) = v(m) + g � v(l) + g. Again, since also v0(l) � v(l) + g, it must be the case that v0(l) = v(l) + g.Finally, suppose m is a �v-stable min node, and hence also �v0-stable. By construction, v(m) = v(l). Also,v0(m) � v0(l). Hence v0(l) � v0(m) = v(m) + g = v(l) + g. Again, since also v0(l) � v(l) + g, it must bethe case that v0(l) = v(l) + g.This completes the proof that F (�v0) < F (�v) and hence the proof that 0 is a locally optimal solutionto the quadratic programming problem.3.2 Converge from Below AlgorithmThis algorithm is a modi�cation to the Naive Converge From Below algorithm. That algorithm attemptedto repeatedly improve a feasible vector by maximizing the increase of the unstable min nodes, whileconstraining the max nodes to remain stable, using linear programming. However, Figure 4 showed thatthe constraints on the max nodes cause the algorithm to cycle on a suboptimal solution. To avoid thisproblem, we relax the constraints on the max nodes, so that the solution of the linear program may nolonger be a feasible vector of the game. Linear programming is used again to produce a new feasiblevector for the next iteration.
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algorithm Converge From Belowlet �v be the feasible vector in which all min nodes have value 0 and all maxnodes are stablerepeatlet �x be the solution to the following linear program, LP (�v):maximize Pni=1 x(i) subject to the following constraintsx(i) � x(j); if i is a min node with child jx(i) = 1=2(x(j) + x(k)); if i is an average node with children j and kx(i) = x(j); if i is a max node with children j and ksuch that v(j) > v(k)x(i) = 1=2(x(j) + x(k)); if i is a max node with children j and ksuch that v(j) = v(k)x(n� 1) = 0x(n) = 1let �v0 be the feasible vector such that v0(i) = x(i) if i is a min node andsuch that all max nodes are stablelet �v  �v0until �v is stableWe claim that this algorithm converges to the optimal value vector of G. We prove this as follows.Let �x be the optimal solution to LP (�v). We �rst show that �x exists and is the optimal value vector ofsome game with n nodes. Then, we show that �v0 � �x � �v and that the inequality �x � �v is strict at somenode. Finally, we put these two facts together to prove the claim.Note that the vector �v is a feasible solution to LP (�v); hence �x exists. Also, �x is the optimal valuevector of the game Gr obtained from G as follows. All max nodes of G become average nodes in Gr. Foreach such node i with children j and k, if v(j) = v(k) then i's children in Gr are still j and k; however ifv(j) > v(k) then both children of i are j. The fact that �x is the optimal value vector of Gr follows fromthe fact that �x is the optimal solution to LP (�v), which is exactly the instance of linear programmingobtained from Gr by applying the linear programming algorithm described in Section 1.3. (In this case,because the game has just min and average nodes, rather than just max and average nodes, the linearprogramming problem maximizes, rather than minimizes the objective function, and the inequalities arereversed).We now show that �x � �v. Note that �x can be obtained from �v in the limit by applying the successiveapproximation algorithm of Section 1.3 to the game Gr de�ned in the last paragraph. Moreover, sincethe game has no max nodes, the feasible vector can never decrease at any iteration of the algorithm.Hence, �x � �v. It is also straightforward to show that �v0 � �x.We next show that at some node l, x(l) > v(l). Let l be a �v-unstable min node of G. We nowconstruct a feasible solution �x of LP (�v), such that x(l) > v(l). From this, it follows that the optimalsolution to LP (�v) must be strictly greater than �v at some node. Before de�ning �x, we need to de�ne arestricted game G0 in the next paragraph.Let G0 be the game obtained from G by removing all edges from every min node so that they becomegeneralized sink nodes, and setting the value of such a node k to v(k). Without loss of generality, assumethat the sink nodes of G0 are numbered j : : : n. Let � be the following generalized max strategy of G0.Let i be any max node with children m and p. If v(m) > v(p) then the strategy at i is to go to m with14



probability 1. Otherwise v(m) = v(p), in which case the strategy is to go to each node with probability1=2. With respect to this strategy, let pi(k) be the probability that sink node k is reached from node i,j � k � n. Then from Lemma 3, v(i) =Pnk=j pi(k)v(k).Let g > 0 be such that for each child l0 of the unstable min node l, g � v(l0) � v(l). We now de�ne�x as follows. For all min nodes i 6= l, let x(i) = v(i) and let x(l) = v(l) + g. For each remaining node i,let x(i) =Pnk=j pi(k)x(k). Equivalently, x(i) is the value of node i in the restricted game G00 de�ned asfollows, when the max strategy is �: All edges from every min node are removed so that the min nodesbecome generalized sink nodes, and the value of such a node k is x(k).By construction, for j � k � n, v(k) � x(k) � v(k) + g. This can be extended to show that in factfor all i, v(i) � x(i) � v(i) + g, as follows:v(i) = nXk=j pi(k)v(k) � nXk=j pi(k)x(k) = x(i) � nXk=j pi(k)(v(k) + g) = v(i) + g:We claim that �x is a feasible solution to LP (�v). Value x(l) is at most the value of its childrensince its value is x(l) = v(l) + g � v(j) � x(j), where j is any child of l. For min node i 6= l,x(i) = v(i) � v(j) � x(j), so again x(i) � x(j). If i is an average node with children j and k thenx(i) = 1=2(x(j) + x(k)) since the value x(i) is the value of node i in G00 when the max strategy is �.Finally consider a max node i with children j and k. Suppose �rst that v(j) = v(k). Then we need toshow that x(i) = 1=2(x(j)+x(k)). But strategy � is de�ned so that this is true. Similarly, if v(j) > v(k),then � is de�ned so that x(i) = x(j).We have now shown the following. Suppose that �v, �v0 and �v00 are the feasible vectors at the startof three successive iterations. Let �x and �x0 be the optimal solutions to LP (�v) and LP (�v0) respectively.Then, �v00 � �x0 � �v0 � �x � �v. Moreover, the inequality �x0 � �x is strict at some node, say i. Since �x0 and�x are solutions to games with n nodes, by Lemma 2, x0(i) and x(i) are of the form p=q; 0 � p; q � 4n�1and hence x0(i) � x(i) � 1=4n�1. This rate of improvement, together with the fact that the vector �vat the start of each iteration is bounded above by the optimal value vector of G, imply that in 2O(n)iterations the optimal value vector will be found. 23.3 A Randomized Ho�man-Karp AlgorithmIn this section, we analyze a randomized variant of the Ho�man-Karp algorithm.algorithm Randomized Ho�man-Karpchoose arbitrary max and min strategies � and � respectivelyrepeatrandomly and uniformly, chose 2n non-empty subsets of the max nodesthat are �v�;� -switchable (these subsets need not be distinct)let the strategies obtained from � by switching these subsets be�1; : : : ; �2nlet �1; : : : �2n be optimal strategies of the min player with respect to�1; : : : ; �2n, respectivelylet l be such that Pni=1 v�l;�l(i) �Pni=1 v�m;�m(i), where 1 � l;m � 2nlet �  �l, �  �luntil �v�;� is stable 15



We �rst show that this algorithm is correct, following the proof of Ho�man and Karp. If the algorithmhalts, the strategies � and � of the last iteration are clearly optimal, since �v�;� is stable. Hence it issu�cient to prove that the algorithm halts.We call the strategies � and � at the start of an iteration the current strategies of the iteration.Suppose that the current strategies of two successive iterations of the repeat loop, are �, � and �0, � 0,respectively. Let v(i) and v0(i) be the value of node i, 1 � i � n, with respect to strategies �, � and�0; � 0, respectively. We show that for all i, v(i) � v0(i) and the inequality is strict for some i. From thisit follows that the algorithm halts, since there are only a �nite number of strategies, and no pair can berepeated at the start of an iteration.We now show that for all i, v(i) � v0(i) and the inequality is strict for some i. Clearly, the valuesare equal at the sink nodes, which we assume are numbered n� 1 and n. Let �v = (v(1); : : : v(n� 2))T ,�v0 = (v(1); : : : v(n� 2))T , �v = Q�v +�b and �v0 = Q0�v0 +�b0 for some Q;Q0;�b and �b0, as in Lemma 1.Let �� = �v0 � �v. We show that �� � 0 and that some entry is actually > 0. Adding and subtractingQ0�v +�b0 to �� we see that�� = (Q0�v0 +�b0)� (Q0�v +�b0) + (Q0�v +�b0)� (Q�v +�b):If �� = (Q0�v +�b0)� (Q�v +�b), then �� = Q0 ��+ ��.Again from Lemma 1, we know that the matrix (I � Q0) is invertible, since the game halts withprobability 1. Hence �� = (I �Q0)�1��. Also, all the entries of (I �Q0)�1 are � 0 and the entries alongthe diagonal are > 0. Therefore, it remains to show that �� � 0 and that one entry is actually > 0.Note that Q and Q0 di�er only in rows i where the edge at node i has been switched in obtaining �0and � 0 from � and � . The same is true for �b and �b0. If the ith row of Q and Q0 are equal and also theith row of �b and �b0 are equal, then clearly the ith entry of � is 0.Otherwise, suppose that node i has children j and k and that the ith entries of Q0�v +�b0 and Q�v +�bare v(k) and v(j), respectively. Thus, the ith entry of �� is v(k)� v(j). There are two cases, dependingon whether i is a max or a min node.First, suppose that i is a max node. Since edge (i; k) replaces (i; j) in constructing �0 from �, it mustbe the case that v(k) > v(j). Hence the ith entry of �� must be > 0. Otherwise, i is a min node. Since� is optimal with respect to � and (i; j) 2 � , it must be the case that v(j) � v(k). Hence the ith entryof �� is again � 0.We next analyze the number of iterations required by the algorithm. Let n be the number of maxnodes. We claim that the expected number of iterations of this algorithm is 2n�f(n) + 2o(n), for anyfunction f(n) = o(n), where n is the number of max nodes.We consider two types of iteration of the algorithm. We call an iteration good if there are at leastf(n)+2 �v�;� -switchable max nodes, where � and � are the current strategies of the iteration. Otherwisewe call an iteration bad. We claim that there are at most 2o(n) bad iterations. This is true since f(n) iso(n), and so the number of subsets of n of size f(n) is 2o(n).We next consider good iterations. Associated with any iteration, there is a set of candidate strategies,which are all those strategies that could be the current strategy of a future iteration of the algorithm.A candidate strategy is eliminated in that iteration, if it is no longer a candidate strategy in the nextiteration. Our goal is to show that if an iteration is good, then with probability 1 � 2�2n, at least16



2f(n) of these candidate strategies are eliminated. From this it follows that with probability at least(1� 2�2n)2n � 1� 2�n, there are at most 2n�f(n) good iterations.Let � and � be the current strategies associated with some good iteration and let �0 be the currentmax strategy of the next iteration. Let S be the set of strategies obtained by switching all the distinctnon-empty subsets of the �v�;� -switchable nodes. Note that all the strategies of S are candidate strategiesof this iteration, and since it is a good iteration, jSj � 2f(n)+2 � 1. Let the value of a max strategy �jbe Pni=1 v�j ;�j (i), where �j is the optimal min strategy with respect to �j . Order the strategies of Swith respect to their values, and let S0 be the set consisting of the best djSj=2e strategies of S (ties arebroken arbitrarily). Then the probability that �0 2 S0 is at least 1� (1=2)2n. This is because �0 is thebest of 2n randomly chosen strategies of S. Also, the probability that each of these randomly chosenstrategies is in S0 is � 1=2, since 0jS0j � jSj=2.If �0 2 S0, then all of the strategies in S � S0 are eliminated as candidate strategies of the nextiteration. This is because all these strategies have value at most the value of �0. Furthermore, we havealready established that the candidate strategies of an iteration must have value strictly greater thanthe current strategy of that iteration. Also, jS � S0j � (2f(n)+2 � 1)� 2f(n)+1 � 2f(n). This completesthe proof that at least 2f(n) candidate strategies are eliminated at a good iteration, with probability atleast 1� 2�2n.Therefore, expected number of iterations is at most(1� 2�n)2n�f(n) + 2�n2n + 2o(n) = 2n�f(n) + 2o(n):4 ConclusionsWe have demonstrated that a number of natural approaches to solving the SSG problem are incorrect.We have also proposed two new deterministic algorithms and a randomized algorithm for the problem.A major open question is whether these algorithms run in polynomial time.5 AcknowledgementsThanks to Anton Rang, Prasoon Tiwari and Manuel Blum for many insightful discussions on this work.Thanks to Sam Pottle for many helpful comments on the presentation, and for pointing out a 
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